The main motivation to write this article is to relate the cosmology and topology in order to gain some insight into the topological signatures of the Standard model of Universe. The theory of General Relativity as given by Einstein only describes the local geometry of space but not global, hence leaves the possibility to explore the topology of the space (simply-or multi-connected). By expressing the cosmological model in trms of energy density parameters, we attempt to understand the geometry of spacetime. This is followed by a discussion on the possibility to detect the signatures of topology of space imprinted on the Cosmic Microwave Background (CMB).
Introduction
Most of the cosmological models of our universe are based on the 4-dimensional manifold of space and time. The standard Friedmann-Lemaitre-RobertsonWalker (FLRW) model of universe is the most general and viable one. But there are models of our universe based on some higher dimensions, for instance, braneworld models [1] .
In the present article we focus on the standard FLRW cosmological model, with the topology and its features, both, in general and particularly in cosmology. Topology has several continuous as well as discrete interconnected aspects which follow from homomorphic transformation rules.
In order to know the signature of topology of space, we have to be very specific about which spaces we are dealing with (for instance R 3 , S 3 or H 3 represent the Euclidean, spherical and hyperbolic 3-spatial spaces, respectively). Since different spaces have different topological features and hence different signatures (simply-or multi-connected manifolds), therefore to judge the topological signature of our universe, it is necessary for us to understand the geometry of spacetime. This geometry is governed by the Einstein's well-known ten non-linear partial differential equations of General Relativity (GR): 

(1) (where R  and R are the Ricci tensor and scalar curvature, respectively, T  is the energy-momentum tensor of the perfect fluid, g  is the symmetric metric tensor, G is the Newton's gravitational constant and c is the speed of light) which are covariant and hence diffeomorphic, whereas topology is concerned with homomorphism.
To cope up with this situation, we require a continuous 3-dimensional manifold over which such transformation rules (homomorphism) may hold true. Then we can judge the topological feature of such space and hence its signature.
Thereafter, we discuss the cosmological model in terms of energy density parameter ( which is defined as the ratio of the energy density to its critical value), interpret the geometry of spacetime and hence its scale with reference to the observational astronomical concordance data [2, 3, 9] .
Hence, the article is arranged in the following manner: in section 2, we discuss the concept of dimensionality of the universe. Section 3 is devoted to the study of topology and its cosmological features. Section 4 is based on the discussion of the homogeneous and isotropic 3-dimensional spaces of different geometry. In section 5, we discuss the standard FLRW model of our universe and its properties with emphasis towards the topology of space and its scales. Section 6 is devoted for interpreting the observational signature of topology imprinted on the Cosmic Microwave Background (CMB).
Finally, we conclude our work by discussing the future probes for precise measurement of the spatial curvature and interpreting the topology of the observable universe, and also mention some plausible open questions.
Dimensionality of our universe
The universe on the large scale is both homogeneous and isotropic. Since the radiation (photons) coming from the different regions of the Last Scattering Surface (LSS) to us appears to be largely uniform. So, it is natural to think that the LSS must be the sphere (Figure 1 ) at first instance and the radius of this sphere is determined by the distance (D) which the photons may travel between the time of decoupling t d during matter dominated era and today t 0 [refer to Section 5] . Therefore, we must begin to investigate the 3-d curved spaces of homogeneous and isotropic nature at large scales.
On the other hand, string theory and many others (say braneworld) talked about the higher spatial dimensions. In higher dimensions, the braneworld concept of our observable universe is confined to a 3-dimensional volume which is embedding in some higher dimension manifold. For example, in braneworld models having 5-d manifold, the universe can be described as Ҩ5=M4 × E1= R×M3×E1, (2) Here Ҩ5 represents the five dimensional metrical orbifold which can be decomposed into 4-d brane manifold (M 4 ) and Euclidean space (E 1 ). M 4 is further decomposed into 3-d manifold (M 3 ) and real vector spaces (R).
The word "brane" comes from "membranes"; it is a 4-d spacetime (say, our universe) with gravity propagating into the 5 th dimension in the bulk, and the cosmological model based on this formulation is known as braneworld model. Several researchers have recently attempted to investigate the topology of the universe by working with this model [1, 4] .
Study of topology and its cosmological features
Topology is a mathematical concept concerned with those properties of surfaces and figures which are independent of the shape and size and are unchanged by any continuous deformation and hence invariant under homomorphic transformation. For instance, the most well-known objects with the same topology include a coffee cup or a doughnut or a torus; each has one hole through them and a smooth mapping from one to another is possible whereas a sphere and a torus have different topologies.
Another aspect to understand the concept of topology is via identification of boundaries. For instance, a square sheet can be joined in such a way so as to form a torus, but its topological feature is still represented by the flat square with the edges identified.
The basic terminology in topology is the region which is used to build up the spaces (e.g., square sheet) is called the fundamental domain. Therefore, the first requirement in defining the topology is to choose a fundamental domain. After this, by tiling (arranging) these fundamental domains so as to fit together properly we can view the complete space, known as the covering space or universal covering [5, 6] . Now, we focus on its role in Cosmology. Basically, topology of the universe, as used in the title of this article, usually means that we are discussing the topology of spaces and not of spacetime. The theory of GR, as proposed by Einstein, combines the good points of Newton's theory of gravitation as well as those of Special theory of Relativity. However, it only describes the geometry of spacetime and does not tell us anything  about the topology of space. This is so, because the transformation of one set of coordinates of a given spacetime point from one manifold to another manifold is locally carried out via diffeomorphism [7] . Among all the possibilities of spacetime curvature (R 3 , S 3 or H 3 ), the topology can be chosen independently and this leaves an observational question as to which topology actually describes our observable universe precisely. Therefore, it is necessary to study the observed astronomical data obtained from the different space satellite missions to judge the spatial curvature of our universe and then we determine the topological feature of the particular spatial curvature.
On the basis of the data obtained from the Wilkinson Microwave Anisotropy Probe (WMAP) and Planck spacecraft [2, 3] , our universe approximately possesses very nearly the flat spatial geometry. However, apart from interpreting the spatial curvature, a large number of different observational tools from the year 1927 (Hubble and Humason's redshift data of nebula) onwards, up to the present missions such as the Hubble Space Telescope (HST), etc. suggest that our universe is expanding i.e., evolving with the cosmic time (in fact, it is accelerating over the recent past as found from the Supernovae type Ia data [9] ) It is to be noted here that the topological feature of space does not change as the universe evolves according to the theory of general relativity but is simply carried along with the expansion of the universe ( i.e., the topological structure is fixed in comoving coordinates). Here, the comoving coordinates are the coordinates which are carried along with the expansion, so that any object will remains at fixed coordinate values. For instance, the relationship between the physical (or proper) displacement and the comoving displacement can be written as
Where the quantity a(t) is the scale factor or expansion factor of the universe which measures the universal expansion rate and tells us how the physical separations are growing with the time.
The equation (3) is related to a coordinate grid which expands with time, where the galaxies will stay at fixed locations in the coordinate system, while the original coordinate system describes the physical coordinates. So, the fact as to which topologies are allowed must depend on the geometry of spaces, and for the homogeneous and isotropic universe, it has three possibilities as below: For the other two curved surfaces, there is a minimum allowed topology scale, otherwise the fundamental domains will not fit together properly on the curved spaces.
Next, we explore the properties of homogeneous spaces of different geometry.
Homogeneous spaces of different geometry
Our observable spacetime appears to have 3-spatial dimensions ( Figure.1 ). Thus we can consider the embedding of 3-d spaces in 4-dimensional space . [8] Considering this fact, we have the following 3-possible geometries: The line element (metric) of a 3-sphere can be written as:
where (r,) are the spherical polar coordinates with 0≤ ≤ 2 , 0≤ ≤ , 0≤ ≤ ∞ and a is the constant radius.
The constant negative spatial curvature H 3


Such curvature corresponds to infinite and unbounded spaces.
It has 'segment of hyperbolas' as geodesics.
The volume of such spaces is infinite.
Distances in a fixed direction would never return to the starting point.
The metric for such case is written as :
Zero spatial curvature R 3

It corresponds to the spaces of infinite extent.
It has 'straight line' as geodesics.
The volume of such space is infinite.
Distances in one fixed direction would never return to the starting point.
The metric can be expressed as:
In general, all the above expressions (Equations 4-6) for the metric of spatial geometries are written by using a parameter k usually called the spatial curvature parameter as
Thus, for the constant positive curvature, constant negative curvature and for zero curvature, the spatial curvature parameter takes the values as k = +1, k = -1 and k = 0, respectively.
The above mentioned spatial geometries are mainly governed by the presence of cosmic energy-momentum tensor of rank two i.e., T  = (p +) U  U  -p  in the Einstein's field equations, where  and p are the energy density and pressure of the ideal fluid, respectively and U  is the 4-velocity of the ideal fluid with ,  = 0,1,2,3.
At first glance, the Occam's razor principle suggests that the flat space may possess a simply connected and infinitely many topologies rather than the multi-connected topologies. But one can also select a multi-connected topological feature of space to model our universe. For instance; the torus is flat, finite, compact and multi-connected. Because our observable universe has a volume (compact) which is actually the volume at the Last Scattering Surface and is finite, it suggests that the topology of our universe must possess a multi-connected signature.
The standard FLRW cosmological model: properties and signature of simply-and multiconnected manifolds
The 4-dimensional manifold of spacetime is described by the FLRW gravitational metric which possesses the characteristic features of homogeneity and isotropy which can be written as 2 
=
,  is the symmetric metric tensor of spacetime. with 0≤ ≤ 2 , 0≤ ≤ , 0≤ ≤ and a(t) is now treated as the expansion factor or the scale factor instead of constant radius, which actually varies with the cosmic time t and hence describes the evolution of the universe.
When the properties of the FLRW cosmological model of the universe are explored in terms of energy density parameter (, defined as the ratio of the actual energy density to its critical value just enough to 'close' the space), we find the physical curvature scale i.e., the radius of our observable universe R curvature which is discussed as below.
Properties of the FLRW model
The Einstein's field equations, without a specific metric, are not able to uniquely show the dynamic feature of our observable universe. Therefore, to achieve this dynamic feature, it is then combined with the FLRW metric (equation 8).
Thus, we get two separate equations known as the Friedmann equations as
where ̇ represents the time derivative of the scale factor, and p are the density and pressure components of the energy-momentum tensor T  of the perfect fluid. The first term on the left hand side of equation (9) is the square of the Hubble parameter (H). This can be rewritten if we define a critical density -( with the suffix c standing for 'critical') of the universe as Both the equations (11) and (12) are defined at a particular epoch of the universe and depend on time.
The Friedman equation (9) then looks like:
which shows the important role of the critical density under the following cases: i.
> 1, k = positive, (a geometry of closed universe S 3 )
ii. = 1, k = zero, (a flat universe R 3 )
iii. < 1, k = negative, (an open universe H 3 ).
Also, the physical curvature radius (R curvature ) of the universe is found from the equation (13) Thus, in order to determine if space is finite or infinite; we have to refer to the above mentioned three cases which corresponds to the following evolution of our universe as shown in figure 3. However, on the basis of the astronomical concordance data of cosmological parameters [2, 3, 9] , the total energy density parameter ( T ) is approximately equal to one within the experimental error which in turn suggests that the spatial geometry of our universe is flat. Also, the recent data of the cosmological parameters obtained from pre-Planck CMB measurements: A 2017 update were given as [12] For the flat case (k = 0) there is no natural scale as
Based on equation (15) we can say that the present topological signature of space (fundamental domainsimply or multi connected) of finite volume (i.e., observable universe) is compact and the fundamental domains is properly tiled throughout the covering space. Now, in order to gain insight into the distances which the photons may travel during the decoupling of matter and radiation epoch we write an alternative form of the FLRW metric as:
where we have used the conformal time () with c=1. The conformal time is similar to the definition of the comoving radial distance coordinate. The conformal The above data suggest that the total energy density within the experimental error is equal to one (Figure 4) i.e., ΩT = Ωm + ΩΛ =1 ± 0.019.
Thus, the recent data again in favour of the flat spatial geometry of our universe. Hence we must investigate the topological features of such geometry. plane for the combined data of different observational results. The black line signifies the spatial flatness of our universe i.e.,  matter +  dark energy =1, and the combined data, shown by the red circle, indicate flatness and also give the corresponding values of the  matter and  dark energy at the present epoch [2, 3, 9] . [Vol II, 2018] time is defined as = / ( )
The solution for a(t) during the beginning of the matter dominated era after decoupling is different for different spatial curvature k (figure 3) which are given as [10] After decoupling, the photons may travel a distance D in duration from the decoupling time t d to the present epoch say t 0 . Since the topological features of the space will remain the same in terms of the comoving units, so we define the distance travelled by photon in such units as
with Δ = 0 − .
The diameter of the LSS i.e., 2 essentially defines the extent of the observable universe [ Figure 1 ]. This also determines the finite volume of LSS and in turn suggests the compact topological feature of our observable universe.
In fact, the concept of multiple images is also observationally found to be correct which we discuss in the next section.
Observational consequences of topology in the CMB (Knocking at the Heaven's door!)
The most important CMB method to gain insight into the topological signature of space is the analysis of the circles in the sky test (2-dimensional method).
Observing circles in the sky
When the observable size of our universe i.e., the LSS is bigger than the specific fundamental domain, then this surface necessarily intersects with itself or in other words we can consider ourselves to be in any of the fundamental domains and observing the LSS from the three different locations on the fundamental domains, obviously we observe the three LSS one for each particular location. Those three surfaces are seen to intersect along the circles and possess the same (formation of a compact shape) anisotropy pattern as they are actually at the same physical location. So, accordingly the observer should see "the matched circles" in the sky [ Figure 6 ].This observational evidence explored by the Cosmic Background Explorer satellite (COBE), indicates that our universe possesses the non-trivial topological signature i.e., multi-connected spaces. Several international programs are planned for the next decade for the precise measurements of the observational data which we mention in the conclusion section.
Conclusion
The Occam's razor principle favours the simplyconnected topological signature of space whereas the observational evidence suggested by COBE satellite reveals that the topological signature of our universe is multi-connected (e.g. torus). In the present article, we argued that the Standard model of our universe is correctly interpreted by the topological structure (a torus) on manifold. In this way, the diffeomorphic interpretation of manifold is transformed into a homomorphic continuous manifold.
It is to be noted here that the topological scale must be larger than our observable universe otherwise the horizon problem would not be solved [11] . Also, the possible efforts are drawn in order to precisely measure the spatial curvature of our universe and hence continuous structure on manifold. So, several international collaborative observational programs are planned for the next decade such as the Large Synoptic Survey Telescope (LSST), the European Space Agency's Euclid Space Mission, NASA's Wide Field Infrared Survey Telescope (WFIRST), etc. The forthcoming CMB satellite missions, sub-orbital and ground based experiments (e.g., LiteBIRD, PIXIE, Simons Array etc.) would attempt to determine the signature of topology of the universe more precisely.
